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abstract: Mutational meltdown, in which demographic and ge-
netic processes mutually reinforce one another to accelerate the ex-
tinction of small populations, has been poorly quantified despite its
potential importance in conservation biology. Here we present a
model-based framework to study and quantify the mutational melt-
down in a finite diploid population that is evolving continuously in
time and subject to resource competition. We model slightly dele-
terious mutations affecting the population demographic parameters
and study how the rate of mutation fixation increases as the genetic
load increases, a process that we investigate at two timescales: an
ecological scale and a mutational scale. Unlike most previous studies,
we treat population size as a random process in continuous time.
We show that as deleterious mutations accumulate, the decrease in
mean population size accelerates with time relative to a null model
with a constant mean fixation time. We quantify this mutational
meltdown via the change in the mean fixation time after each new
mutation fixation, and we show that the meltdown appears less severe
than predicted by earlier theoretical work. We also emphasize that
mean population size alone can be a misleading index of the risk of
population extinction, which could be better evaluated with addi-
tional information on demographic parameters.
Keywords: population genetics, mutational meltdown, diploid pop-
ulation, logistic birth and death process, fixation probability, mildly
deleterious mutations.
Introduction
Many evolutionary and ecological processes operating in
natural populations influence and are influenced by pop-
ulation abundance or density, for example, intraspecific and
interspecific competition (Verhulst 1844; Volterra 1931;
Lotka 1932), reproduction (Clay and Shaw 1981), trait evo-
lution (Lande 1976; Cherry 1998), and fixation of delete-
rious mutations (Crow and Kimura 1970, pp. 418–430).
These abundance- or density-dependent processes com-
monly affect population growth, leading to positive (as in
the case of cooperation) or negative (as in the case of in-
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traspecific competition) correlations between population
growth and abundance/density. Allee effects refer to a pos-
itive relationship between population size and the popu-
lation per capita deterministic growth rate (Stephens and
Sutherland 1999) at low density. They limit population vi-
ability because the growth rate of populations with an Allee
effect becomes negative below a threshold abundance. This
phenomenon alone can lead to extinction, but it may also
be associated with gradual genetic deterioration, which re-
inforces the decline in population abundance and results in
an extinction vortex (Gilpin and Soule´ 1986). Mutational
meltdown (Lynch and Gabriel 1990) is a particular form of
extinction vortex in which demographic and genetic pro-
cesses mutually reinforce one another. Spontaneous mildly
deleterious mutations (Drake et al. 1998; Lynch et al. 1999;
Haag-Liautard et al. 2007) can go to fixation and accumulate
in small populations, leading to reduced growth rate and
reduced population size, which in turn speed up mutation
accumulation (Lynch and Gabriel 1990) and can precipitate
population extinction.
Besides environmental and demographic threats, genetic
considerations are generally addressed in quantitative as-
sessments of endangered species or population viability
(Traill et al. 2007), minimum viable population sizes (Shaf-
fer 1981; Gilpin and Soule´ 1986), and conservation status
(Mace and Purvis 2008). However, the role of genetic de-
terioration in the extinction process has long been contro-
versial (e.g., Caro and Laurenson 1994; Caughley 1994). In
spite of several lines of evidence that endangered species are
impacted by genetic factors (Spielman et al. 2004), which
may significantly contribute to the risk of extinction in some
cases (Saccheri et al. 1998; Blomqvist et al. 2010), the weight
of genetic deterioration mechanisms in limiting population
viability remains difficult to evaluate and may be strongly
variable among and within species (Robert 2011). There is
thus a need for more quantitative frameworks to quantify
the actual contribution of genetic factors and their inter-
action with demography to the risk of extinction. In this
article, we extend existing qualitative treatments of muta-
tional meltdown (Lynch et al. 1995; Theodorou et al. 2009)
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to (1) gauge the net effect of the actual acceleration of
mutation accumulation on population size by comparing
our model with a null model, assuming no effect of the
current genetic load on the rate of future mutation accu-
mulation, and (2) examine how demographic parameters
affect the strength of mutational meltdown. To this end, we
introduce a new quantitative approach to analyzing mu-
tational meltdown by computing the probability of fixation
of slightly deleterious mutations in diploid populations with
stochastic population dynamics. We are specifically inter-
ested in the reciprocal interaction between population size
and fixation of small-effect deleterious mutations (Lande
1994) in small populations. Unlike most previous studies
(e.g., Lynch and Gabriel 1990; Lande 1994), we do not
regard population size as a constant parameter but instead
build on the pioneering work of Champagnat et al. (2006)
and treat population size as a random process in continuous
time. The probability distribution of population size de-
pends on individual demographic parameters, which are
themselves determined by the genotypes of individuals at a
large number of loci subject to recurrent deleterious mu-
tation. Using this model of mutation accumulation in dip-
loid populations with stochastic population dynamics, we
assess how the demography-genetics (hereafter demo-
genetic) feedback accelerates mutation accumulation. Using
a null model, we specifically seek to disentangle the relative
contribution of two distinct phenomena to extinction risk:
(1) the accumulation of deleterious mutations if the mu-
tational meltdown is neglected and (2) the progressive in-
crease in the fixation rate of deleterious mutations through
time caused by mutation accumulation and reduced pop-
ulation size, that is, the mutational meltdown per se. We
finally highlight that average population size can sometimes
be a misleading indicator of the extinction risk and that
demographic parameters (birthrates and death rates) may
provide useful complementary information. For example,
the sensitivity of the rate of mutation fixation to changes
in demographic parameters (which themselves depend on
the current fixation load) can be used to quantify the extent
to which the overall demo-genetic feedback increases the
risk of extinction. This allows us to identify situations where
the demographic properties of populations might be as-
sociated with strong mutational meltdown.
General Model and Ecological Timescale
General Model
We consider a population of hermaphroditic, randomly
mating diploid organisms following a logistic birth and
death process. Mutation to slightly deleterious alleles follows
an infinite site model so that each new mutation occurs at
a new locus at genomic rate , where m is them p 2m/KK
unscaled mutation rate and K is a scale parameter that goes
to infinity to model rare mutations, a classical assumption
in evolutionary genetic studies (e.g., Lande 1994). We are
interested in how the rate of fixation of deleterious muta-
tions changes as mutations accumulate and in the resulting
change in demographic parameters, which we model at two
timescales: an ecological scale and a mutational scale. At the
ecological timescale (i.e., in the limit when K goes to infinity
without rescaling of time), a given mutation is lost or fixed
before the next occurs. Individuals are hence characterized
by their genotype at the mutant locus, with two alleles (wild
type and deleterious mutant), and we examine the fate of
a single deleterious allele evolving in a genetically homo-
geneous background (see next section). In contrast, at the
longer mutational timescale, new mutations are instantly
fixed or lost, and we examine the process of mutation ac-
cumulation and subsequent mutational meltdown in a pop-
ulation that is monomorphic at all times (see “The Muta-
tional Timescale”).
Evolution of a Single Biallelic Locus
at the Ecological Timescale
At the ecological timescale, we consider a single biallelic
locus with a wild-type allele A and a mutant deleterious
allele a. At this timescale, in the limit when K goes to infinity,
as the mutation rate goes to 0, no other mu-m p 2m/KK
tation occurs before the current mutation is fixed or lost.
The population is then defined at each timeZ :p (i , j , k )t t t t
t by it, jt, and kt, the number of individuals with genotypes
AA, Aa, and aa, respectively. The process jumps from(Z )t t≥0
a point of to one of3( ) \{(0, 0, 0),(1, 0, 0),(0, 1, 0),(0, 0, 1)}
its neighbors at a rate given by the birth- and death rates
of each genotype. Individuals are hermaphroditic and self-
incompatible, all genotypes have identical density-indepen-
dent fecundity b, and we assume Mendelian reproduction,
so that the total birthrates of genotypes AA, Aa, and aa are
i(i  1) ij j(j  1)
b (Z) :p b   ,AA [ ]N  1 N  1 4(N  1)
ij j(j  1) jk 2ik
b (Z) :p b    , (1)Aa [ ]N  1 2(N  1) N  1 N  1
k(k  1) jk j(j  1)
b (Z) :p b   .aa [ ]N  1 N  1 4(N  1)
In contrast, per capita death rates are density dependent
and combine intrinsic mortality (d) with mortality caused
by intraspecific competition (rate c for any pair of individ-
uals). In the absence of competition ( ), mean indi-c p 0
vidual lifetime is thus and is decreased for . We1/d c 1 0
assume that the deleterious allele a affects only intrinsic
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death rates, such that d is increased by d and d′ in the
heterozygote and homozygote genotypes, respectively. For
such that , the individualZ p (i, j, k) N :p i  j  k ≥ 3
death rates of genotypes AA, Aa, and aa are thus, respec-
tively,
d (Z) :p d  c(N  1),AA
dd (Z) :p d  d  c(N  1), (2)Aa
′d ′d (Z) :p d  d  c(N  1),aa
and when , . In
′d dN p 2 d (Z) p d (Z) p d (Z) p 0AA Aa aa
principle, the selection parameters d and d′ can be of either
sign, but here we consider only deleterious mutations (i.e.,
; the effect of d on fitness is discussed at the end of′d 1 0
the section). A key assumption of our model is that no
death occurs when only two individuals are left in the pop-
ulation. This prevents extinction but does not hamper our
study of the accumulation of deleterious mutations and of
the resulting decrease in mean population size. Without
extinction, one of the two alleles eventually goes to fixation;
we are interested in the probability (which also depends
′d, dui, 1, 0
on the demographic parameters b, d, and c) that the mutant
allele a goes to fixation given an initial population ,(i, 1, 0)
that is, a population of AA individuals in which ai  1
single mutation a occurred. More generally, we denote by
the probability that allele a goes to fixation given an
′d, dui, j, k
initial population . In the neutral case ( ),′(i, j, k) d p d p 0
probability theory tells us that is the initial frequency0, 0ui, j, k
of allele a (see, e.g., Crow and Kimura 1970, p. 425, or
Ewens 2004, p. 21): , with0, 0u p (j  2k)/2N N p i i, j, k
. In particular, . Note that0, 0j  k u p 1/2N p 1/2(i  1)i, 1, 0
this result does not hold if the population is allowed to
become extinct: in this case, there is a nonzero probability
that no allele goes to fixation. Assuming weak selection
(slightly deleterious effects d and d′), we can approximate
by its Taylor expansion; that is, we approximate the
′d, dui, j, k
difference in the probability of fixation between slightly del-
eterious alleles and neutral alleles by a linear function of d
and d′. We prove elsewhere that is differen-
′′ d, d(d, d ) . ui, j, k
tiable in (see Coron 2013) so that we can write(0, 0)
j  2k′d, d ′ ′ ′u p  dv  d v  o(FdF  FdF), (3)i, j, k i, j, k i, j, k2N
where v and v ′ are also functions of demographic parameters
b, d, and c. Note that the fixation probability, starting from
state , is then(i, 1, 0)
1′d, d ′ ′ ′u p  dv  d v  o(FdF  FdF).i, 1, 0 i, 1, 0 i, 1, 02(i  1)
To quantify the strength of selection, we introduce the ratio
′0, 0 d, du  ui, 1, 0 i, 1, 0 ′ ′p 2(i  1)Fdv  d v Fi, 1, 0 i, 1, 0F 0, 0 Fui, 1, 0 (4)
′o(FdF  FdF),
that is, the relative difference in the fixation probability of
neutral versus deleterious alleles characterized by equation
(2). We compute and and study their dependence′v vi, j, k i, j, k
on the initial population and on the population de-(i, j, k)
mographic parameters by solving a Dirichlet prob-(b, d, c)
lem (see app. A, available online, and Coron 2013). Using
stochastic calculus, we obtain that for every′v 1 0i, j, k
and that is of the sign of . The biological(i, j, k) v i  ki, j, k
interpretation of the effect of d′ is straightforward since only
aa individuals are affected by d′ : d being fixed; the larger d′
is, the lower will be the probability of fixation of a. The
effect of d is more intricate because it affects heterozygous
individuals, with the same apparent effect on both alleles.
In fact, when A is initially the most frequent allele ( ),i 1 k
allele a is more deleterious when d is larger, all else being
equal (i.e., ); the opposite is true when a is initiallyv 1 0i, j, k
the most frequent allele ( ). In the biologically mostk 1 i
relevant cases (i.e., and ), we expect stronger′0 ! d ! d i 1 k
selection as the dominance of a increases. In the particular
case of underdominance, starting from a population
, allele a is deleterious if and . These′(i, 1, 0) d 1 0 d p 0
results are consistent with Fisher (1922).
Numerical Results
Numerical computations show that the fixation probability
decreases as the initial population size N increases
′d, duN1, 1, 0
(fig. 1A), which is consistent with classical results in evo-
lutionary genetics (see, e.g., Ohta 1973). The same figure
with a log-log scale can be found in appendix B (fig. B1,
available online), showing that the relation between the
fixation probability and the initial population size
′d, duN1, 1, 0
N can be approximated by a power law that depends on
d and d′. Figure 1B shows that the strength of selection is
an increasing function of N; this pattern points to the
existence of a mutational meltdown, with weaker elimi-
nation of deleterious mutations in small populations (see
next section).
The Mutational Timescale
Accumulation of Deleterious Mutations and the
Temporal Dynamics of Population Size
We move to the evolution of a population subject to re-
current deleterious mutations at multiple loci, which, un-
der the assumption of rare mutations, requires a broader
timescale. At the mutational scale, we thus scale time t by
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Figure 1: A, Fixation probability of an additive deleterious ( , filled diamonds), recessive deleterious ( , open diamonds),
′d, d ′u d p d /2 d p 0N1, 1, 0
or neutral ( , squares) allele as a function of the initial population size N. B, The strength of selection is measured as the relative′d p d p 0
difference in fixation probability between a deleterious and a neutral mutation (eq. [4]). In both figures, demographic parameters are
, , , and .′b p 10 d p 1 c p 0.1 d p 0.2
K, the parameter we used to model rare mutation (rate
). This allows emergence of new mutations,m p 2m/KK
and we prove, as in the haploid case (Champagnat and
Lambert 2007), that when K goes to infinity, new alleles
go to fixation or disappear instantaneously due to faster
invasion than emergence of mutations (see Coron 2013).
Hence, in the limit, an initially monomorphic population
stays monomorphic at every time t but with an increasing
genetic load. We assume that all mutations have the same
effect on intrinsic death rate as described earlier and that
individual birthrates and competition rates b and c remain
constant. Individuals, therefore, share a common intrinsic
death rate Dt that changes each time a new mutation gets
fixed, and we can therefore track consecutive fixations of
deleterious mutations via the change in Dt. At each time
t, the population size Nt is a random variable following
the stationary law of a one-type logistic birth and death
process with parameters b, Dt, and c and with no death
when . By solving a stationary system (see app. C,N p 2
available online), we find the probability p(N, b, d, c) :p
that the population size at time t is equal to(N p N)t
N given that :D p dt
1 N1 [b/(d  kc)]kp2N
p(N, b, d, c) :p . (5)
1 i1  [b/(d  jc)]ip2 jp2i
Hence the probability distribution of the population size
is directly controlled by its demographic parameters, which
contrasts with previous approaches regarding population
size as a constant or deterministic parameter (e.g., Crow
and Kimura 1970, pp. 5, 7, and 419). Small population
size may therefore result from low birthrates or high death
rates. An important feature of our model is that the pattern
and magnitude of stochastic fluctuations of the size of
populations can influence both their long-term effective
size and the rate of fixation of deleterious mutations
(Wright 1938; Lande 1994).
At the mutational timescale, each new mutation gets ei-
ther lost, with no effect on the death rate, or fixed instan-
taneously. In the latter case, the population death rate is
increased by d′, since the population changes directly from
being monomorphic with type AA to being monomorphic
with type aa. The stochastic process is thus a jump(D ) 1t t 0
process that jumps from a value d to at rate′d  d
, that is, the rate of fixation of a deleterious′t(b, d, c, d, d )
mutation, which we compute later (see eq. [6]). When a
new deleterious mutation goes to fixation, the stationary
law of the population size changes due to an increase in
the death rate of all individuals (from d to ) that causes′d  d
a decrease in the mean population size. We can define and
compute numerically the expected size of a population with
demographic parameters b, d, and c:

N(b, d, c) :p Np(N, b, d, c).
Np2
As the death rate Dt increases, the mean population size
decreases gradually and approaches the minimum value of
2 (see fig. 2 and table C1 of app. C). Note that when all
parameters are multiplied by a constant, the frequency of
birth and death events is modified but the distribution of
the population size is unaffected (see eq. [5]). In the fol-
lowing, we therefore keep the competition parameter con-
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Figure 2: Distribution of the population size under different intrinsic
death rates d. In this figure, and .b p 10 c p 0.1
Figure 3: Relationship between T, the mean time to fixation of a
deleterious mutation, and the population intrinsic death rate d for
different selection parameters and dominance cases. Open symbols:
recessive mutation ( ); filled symbols: additive mutation (d p 0 d p
); circles: ; diamonds: . Other demographic pa-′ ′ ′d /2 d p 0.1 d p 0.2
rameters are , , and .b p 10 c p 0.1 m p 1
stant and study the influence of other demographic
parameters.
Finally, we examine the temporal dynamics of the mean
population size by iterating the effect of mutation fixation
on population size. More precisely, in a population with
initial demographic parameters b, d, and c, the mean time
to fixation of a deleterious mutation is ′T(b, d, c, d, d ) :p
; at time , we therefore′ ′1/t(b, d, c, d, d ) t p T(b, d, c, d, d )
change the intrinsic death rate from d to and the′d  d
mean population size from to . This′N(b, d, c) N(b, d  d , c)
is repeated through time to obtain the temporal dynamics
of population size (see “Quantification of the Mutational
Meltdown”). We use these temporal dynamics to evaluate
the risk of extinction of a population as the rate of decrease
in the mean population size. Here we focused on the arith-
metic population mean size, although the harmonic mean
is known to be a more accurate index of effective popu-
lation size in a fluctuating population (Wright 1938). How-
ever, the choice of the arithmetic versus harmonic mean
did not affect our main results (see “Quantification of the
Mutational Meltdown”), and we chose to focus on the
simpler arithmetic mean.
The Genetic Load Accelerates the Rate of
Fixation of Deleterious Mutations
Our eventual goals are, first, to prove the existence of a
mutational meltdown and, second, to study how demo-
graphic parameters influence the strength of this melt-
down. In a population of N individuals, the rate of fixation
is , which can be averaged over all population
′d, d2mNuN1, 1, 0
sizes N to obtain an overall rate of fixation of deleterious
mutations when the demographic parame-′t(b, d, c, d, d )
ters are b, d, and c:

′′ d, dt(b, d, c, d, d ) :p 2m Nu p(N, b, d, c) N1, 1, 0
Np2

p m  2m Np(N, b, d, c) (6)
Np2
′ ′ ′# (dv  d v )  o(FdF  Fd F).N1, 1, 0 N1, 1, 0
Note here that this fixation rate t incorporates both the
fixation probability, which is a decreasing function of pop-
ulation size (fig. 1A), and the rate of mutation (2mN),
which increases with population size. In the particular case
of a neutral mutation ( ), these two quantities′d p d p 0
compensate each other so that the fixation rate t does not
depend on population size or on the demographic param-
eters b, d, and c. This is consistent with classical results in
evolutionary genetics (see Crow and Kimura 1970, e.g.).
For deleterious mutations, we use equation (6) to examine
how the mean time to fixation T depends on demographic
parameters and dominance relationship among alleles and
evolves simultaneously with the mean population size,
which yields three important results. First, the mean time
to fixation is a decreasing function of the death rate d (figs.
3 and 4A), which suggests an increase in the rate of fixation
of deleterious mutations, that is, a mutational meltdown:
fixation of deleterious mutations increases the intrinsic
death rate, thereby causing smaller population size and
faster fixation of new deleterious alleles, and so on. When
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Figure 4: A, Relationship between the mean time to fixation of a deleterious mutation T and parameters b and d. Each curve corresponds
to a fixed value of b. Other parameters are , , , and . B, Relationship between T, the mean time to fixation′d p 0.05 d p 0.1 c p 0.1 m p 1
of a deleterious mutation, and the mean population size . Each curve corresponds to a fixed value of b and is obtained by computingN
the mean population size and mean time to fixation for several values of the natural death parameter d. Other parameters are ,d p 0.05
, , and . Parameter combinations C and D provide an example in which a larger population size (D) is associated′d p 0.1 c p 0.1 m p 1
with faster fixation of deleterious mutations.
the intrinsic death rate d becomes large (effectively infi-
nite), the mean fixation time converges to′T(b, d, c, d, d )
the mean fixation time of a neutral mutation ( , where1/m
m is the unscaled mutation rate) due to a small average
population size and dominant effects of drift over selection
(for analogous results in other models, see Ohta 1973 and
Kimura 1979). As expected, the birthrate b has an opposite
effect on the mean fixation time (see fig. 4A′T(b, d, c, d, d )
and app. D, available online), which is an increasing func-
tion of b due to higher population sizes, and thus better
elimination of deleterious alleles, at higher birthrates. Sec-
ond, for small values of d and d′, the time to fixation of
a beneficial mutation with parameters d and d′ is the
symmetrical, with respect to the neutral value , of the1/m
time to fixation of a deleterious mutation with parameters
d and d′. Hence, the mean time to fixation of a beneficial
mutation is an increasing function of d, implying that the
mutational meltdown may also be caused by lower fixation
probabilities of beneficial mutations at higher intrinsic
death rates. Third, and most importantly, the mean pop-
ulation size provides an incomplete picture of the risk of
extinction. More precisely, the mean time to fixation is a
generally increasing function of the mean population size
, as is commonly accepted, but there is no one-to-oneN
correspondence, so two populations with identical mean
population sizes can have different extinction risks. Figure
4B provides a symptomatic example, where population C
has larger mean time to fixation but smaller population
size than population D. This phenomenon can be ex-
plained by the fact that population size is a random var-
iable and that two populations with identical mean size
can have different probability distributions of population
size depending on their demographic parameters. The ab-
sence of one-to-one correspondence between mean pop-
ulation size and extinction risk is still valid when using
the harmonic mean (see next section and app. E, available
online). Therefore, unlike existing results from other mod-
els (see Crow and Kimura 1970, pp. 345–365), we em-
phasize the importance of considering not only (arithmetic
or harmonic) mean population size but also demographic
parameters when studying population extinction risks.
Quantification of the Mutational Meltdown
Definition of a Null Model. We define mutational melt-
down as the acceleration of fixation of deleterious mu-
tations in the population due to previously accumulated
mutations (Lynch et al. 1995). Neglecting mutational melt-
down is thus equivalent to assuming a constant time to
(or rate of) fixation of deleterious mutations. In this case,
the extinction risk of a population is simply measured as
the decrease in the mean population size caused by this
constant rate of fixation. There is an additional net effect
of mutational meltdown on extinction that is directly as-
sociated with the acceleration of mutation accumulation.
Hence, the extinction risk of a population subject to fix-
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Figure 5: Temporal decrease in the mean population size. In this figure, , , , and the initial intrinsic death rate isb p 10 c p 0.1 m p 1
. For A, , whereas for B, . We plot additive ( ) and recessive ( ) cases. For each case, we also plot the′ ′ ′D p 1 d p 0.1 d p 0.2 d p d /2 d p 00
temporal dynamics of the mean population size in the corresponding null model. See text (“Accumulation of Deleterious Mutations and
the Temporal Dynamics of Population Size”) for details on how temporal dynamics were obtained.
ations of deleterious mutations can be divided into two
parts: (1) the time to fixation of the first mutation, which
provides a good proxy for the extinction risk in the absence
of mutational meltdown (constant time to fixation), and
(2) the acceleration of fixation between the first and second
mutations, which quantifies the contribution of the mu-
tational meltdown to the extinction risk. We are mainly
interested in the strength of the mutational meltdown per
se, which we measure in two ways. We first compare our
model to a null model in which the mutational meltdown
is omitted. This null model is the same as our initial model
but assumes a constant mean time to fixation, which is
equal to the time to fixation of the first mutation. For
each set of demographic parameters b, d, and c, the con-
tribution of the mutational meltdown to the extinction
risk is illustrated by the difference in the temporal dy-
namics of population size in our initial model versus the
null model. Second, to eliminate the effect of differences
in the time to fixation of the first mutation, we also con-
sider in our model the relative difference between the time
to fixation of the first mutation and the time to fixation
of the second mutation, that is, the acceleration of fixation:
′ ′ ′T(b, d, c, d, d )  T(b, d  d , c, d, d )′S(b, d, c, d, d ) :p .′T(b, d, c, d, d )
Population Dynamics under a Mutational Meltdown. As
deleterious mutations accumulate, the mean population size
decreases more and more rapidly relative to the null model
with a constant mean fixation time (fig. 5),′T(b, D , c, d, d )0
which is caused by the acceleration of mutation fixations.
Note that we obtain similar results when examining the
temporal dynamics of the harmonic mean population size
(see fig. E1 in app. E), for which the meltdown is slightly
stronger than with the arithmetic mean (Wright 1938; Mo-
tro and Thompson 1982). As expected, the overall decrease
in population size with additive mutations is slower than
with recessive mutations, which go to fixation more rapidly.
However, with figure 5 only, we cannot compare the influ-
ence of the mutational meltdown itself (i.e., the acceleration
of mutation fixations) in populations submitted to additive
versus recessive deleterious mutations, because these pop-
ulations have different initial mean fixation times in ad-
dition to different strengths of the mutational meltdown.
Similarly, although the acceleration in population decline
may seem stronger for higher selection coefficient d′ (fig.
5B), this difference is also due to (1) differences in the
accelerations of mutation fixations, (2) differences in the
initial mean fixation times, and (3) larger influence of mu-
tation fixations on the mean population size for larger d′.
From a conservation perspective, it is crucial to quantify
the part of the extinction risk that is due to the acceleration
of mutation fixations in order to define whether the melt-
down can be neglected or not.
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Figure 6: Strength of the mutational meltdown as a function of the demographic parameters b and d. A, Solid lines show constant values
of the mutational meltdown strength. B, Each curve corresponds to a fixed value of b and is dashed above the threshold corresponding to
boundary effects (see “Quantifying the Extinction Risk and the Acceleration of Fixations”). In both figures, demographic parameters are
, , , and .′c p 0.1 d p 0.05 d p 0.1 m p 1
Quantifying the Extinction Risk and the Acceleration of
Fixations. As explained above, we quantify the mutational
meltdown using the positive real number
′ ′ ′T(b, d, c, d, d )  T(b, d  d , c, d, d )′S(b, d, c, d, d ) :p ,′T(b, d, c, d, d )
which is the relative decrease of the mean fixation time
between the first and second mutations. S is a function of
birth- and death rates (fig. 6) that can be used to define
threshold values of the demographic parameters b and D0
(initial intrinsic death rate) above or below which the mu-
tational meltdown is small enough to be neglected (fig.
6A). When fecundity b is fixed, the strength of the mu-
tational meltdown decreases with increasing intrinsic death
rate d and goes to 0 as d goes to infinity (fig. 6B): as
mutations get fixed, the mean time to fixation of delete-
rious mutations decreases (i.e., the extinction risk in-
creases), but the population tends to be less subject to
mutational meltdown. Note that the right-hand side of
curves in figure 6B (dashed lines, sharp decrease in the
strength of the mutational meltdown above a threshold
death rate) can be explained by a boundary effect due to
the convergence of the mean population size toward 2
when the intrinsic death rate d increases. These thresholds
in d coincide with d values at which a population size of
2 is more probable than a population size of 3 (see fig.
2). These boundary effects are most likely an artifact
caused by our assumption of no death when only two
individuals are left in the population and should be ig-
nored. However, the general tendency of a decreasing
strength of the mutational meltdown with increasing death
rates can be observed regardless of boundary effects. As a
consequence, the strength of the mutational meltdown un-
der constant fecundity b is an increasing function of the
mean population size (fig. 7A), which may appear coun-
terintuitive and inconsistent with previous findings (see
Lande 1994). However, when comparing populations with
the same initial fixation time (same extinction risk in the
null model, i.e., in the absence of mutational meltdown;
see fig. 4A), we show that the strength of the mutational
meltdown is a decreasing function of the mean population
size (fig. 7B), such that a threshold mean population size,
above which the mutational meltdown is small enough,
can still be defined, as in Lande (1994). Importantly, how-
ever, this threshold depends on the initial fixation time.
Comparison with Other Models
of the Mutational Meltdown
Our approach is novel in that we combine for the first
time in an analytical model two traditions: population
genetics approaches, which frequently assume infinite (or,
at best, finite but constant) population sizes, and demo-
graphic approaches, which are often based on simplified
genetic processes. Our results therefore reconcile these two
approaches to generate novel results. Below we illustrate
this by comparing our results to those obtained with two
models that are based on different assumptions regarding
population dynamics and genetic architecture and that
therefore generate different predictions for the strength of
the mutational meltdown: the classical Wright-Fisher pop-
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Figure 7: A, Relationship between the strength of the mutational meltdown and the mean population size. Each curve corresponds to a
fixed value of b and is dashed above the threshold corresponding to boundary effects (see “Quantifying the Extinction Risk and the
Acceleration of Fixations”). B, Relationship between the strength of the mutational meltdown and the mean population size for populations
with the same initial fixation time T, arbitrarily fixed to , , , or . For instance, we took1.4 1.6 1.8 2 (b, d)  {(10, 4.2), (8, 3.3), (6, 2.4),
to obtain the curve with (see fig. 4A). In both figures, other demographic parameters are , ,(4, 1.6), (2, 0.8)} T p 1.4 c p 0.1 d p 0.05
, and .′d p 0.1 m p 1
ulation genetics model and a demo-genetic model of hap-
loid populations.
Comparison with the Wright-Fisher Model
Crow and Kimura (1970, p. 345) proved that the proba-
bility of fixation of a deleterious additive mutation in a
population with large, constant size N is
2sN /Nee  1
u˜(s, N , N) :p , (7)e 4sNee  1
where is the selection coefficient of a deleterious mu-s 1 0
tation and is the effective population size, which is hereNe
a parameter of the model. Using the same timescaling as
in our model (see “The Mutational Timescale”), the fixation
rate of a deleterious mutation with size s is then equal to
if the individual mutation rate is and˜2mNu(s, N, N) 2m
. We can use this formula to compare the temporalN p Ne
dynamics of the mean population size in the Wright-Fisher
model ( ) versus our model, which requires a mod-N p Ne
ified version of the Wright-Fisher model allowing variable
population size. To this aim, we use equation (4) of Clarke
(1973) describing the change DN in the population size N
by at each new fixation. The population sizeDN p 2sN
remains constant between two fixations, and we denote by
N0 the initial population size. To compare the two models,
we first set identical initial mean population sizes (i.e.,
, where b, D0, and c are the initial demo-N p N(b, D , c)0 0
graphic parameters in our model). Next, we rescale time
and fitness in the Wright-Fisher model so that the first
mutation that goes to fixation has the same mean fixation
time and the same impact on the mean population size as
in our model, that is, ′˜2mN u(s, N , N ) p t(b, D , c, d, d )0 0 0 0
and , with the latter′2sN p N(b, D , c)  N(b, D  d , c)0 0 0
equality giving a relationship between s and d′. We show
that the mutational meltdown is stronger in the Wright-
Fisher model (fig. 8), that is, the mean population size
collapses more rapidly. This can be understood examining
the Taylor expansion of equation (7) when :N p Ne
1 1
1  sN 2   o(s),[ ( )]2N N
which yields a strength of selection of , to besN(2  1/N)
compared with equation (4) and figure 1B of our model;
for large population sizes, the strength of selection is equiv-
alent to 2sN in the Wright-Fisher model, whereas it is
bounded in our model. As a result, the strength of selection
and the time to fixation decrease more rapidly in the Wright-
Fisher model as the population size decreases. This suggests
that the mutational meltdown is overestimated with the
Wright-Fisher model when compared to our model.
Comparison with the Haploid Model
of Champagnat and Lambert
In a more realistic demographic model, Champagnat and
Lambert (2007) studied the fixation of small mutations in
a haploid population. Their model is a birth and death
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Figure 8: Temporal dynamics of the mean population size in our additive diploid model (D) and the Wright-Fisher model (WF). In these
figures, , , , initial intrinsic death rate is (model D), and (model WF). For A, ,′b p 10 c p 0.1 m p 1 D p 1 N p N(10, 1, 0.1) d p 0.010 0
whereas for B, ; in both cases, .′ ′d p 0.02 d p d /2
process with competition similar to ours but in which
birthrates are derived from haploid reproduction rules
(i.e., the birthrate of an individual with a given genotype
is proportional to the number of individuals with this
genotype in the population). Comparing the haploid and
diploid populations is, however, not straightforward, par-
ticularly because the latter produces twice as many alleles
in one birth and contains twice as much genetic material
for the same population size. We can nonetheless rely on
the expectation that under Hardy-Weinberg equilibrium
and large population sizes, a diploid population under
additive selection can be approximated by a haploid pop-
ulation. We chose to compare haploid versus diploid mod-
els by considering populations with identical rates of fix-
ation of neutral mutations, identical effects of mutations,
and identical initial demographic parameters. Under these
conditions, the temporal decrease in mean population sizes
is in fact comparable in both models when deleterious
mutations have additive effects in diploid organisms (fig.
9A). The only differences appear for really small popu-
lations, which is at least partly due to the fact that the
minimum diploid population size is 2, whereas the min-
imum haploid population size is 1. Our model, however,
allows us to examine nonadditive mutations that cannot
be studied in haploid models. This is particularly relevant
in diploid organisms, in which most deleterious mutations
have partly to fully recessive effects (Garcı´a-Dorado et al.
2004). We show that the mutational meltdown is stronger
with additive mutations than with recessive ones (fig. 9B):
its strength increases with the effect of mutations in het-
erozygotes d, when d′, the effect of mutations in homo-
zygotes, is kept constant.
Discussion
In this article, we provided a more quantitative framework
for the study of mutational meltdown than previous the-
oretical treatments and modeled the stochastic dynamics
of population size in diploid organisms. As in several pre-
vious models, we demonstrated the existence of a muta-
tional meltdown by showing that as deleterious mutations
accumulate, the population size decreases more and more
rapidly relative to a null model with constant mean fixation
time of deleterious mutations. We showed that this fixation
time is a decreasing function of the intrinsic death rate,
an increasing function of the fecundity, and converges
toward the mean fixation time of neutral mutations as the
intrinsic death rate goes to infinity. Our approach takes
the study of mutational meltdown a step further by dem-
onstrating that mean population size is not always the best
indicator of extinction risk for populations subject to fix-
ation of deleterious mutations. We also used our results
to suggest a new quantification of the mutational melt-
down (i.e., the acceleration of mutation fixations) and to
define combinations of demographic parameters for which
the mutational meltdown can or cannot be neglected. Fi-
nally, our results suggest that the mutational meltdown
per se may not be as severe as predicted by earlier pop-
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Figure 9: A, Temporal dynamics of the mean population size in haploid versus diploid populations. The lower curve DR is reproduced
from curve 2b of figure 5B, that is, the temporal dynamics of the mean population size in the recessive case when . The upper curvesd p 0
are the change in the mean population size with time in a haploid population, H, derived from Champagnat and Lambert (2007), and in
a diploid population with additive mutations, DA, reproduced from curve 1b of figure 5B. Parameter values are , , ,b p 10 c p 0.1 m p 1
and , and the initial intrinsic death rate is . B, Strength of the mutational meltdown as a function of the effect of deleterious′d p 0.2 d p 1
mutations in the heterozygote (d) and in the homozygote (d′). The white dashed line corresponds to the additive case ( ). In this′d p d /2
figure, , , , and .b p 10 d p 1 c p 0.1 m p 1
ulation genetics models assuming constant population size
or haploid models. In the following, we discuss the im-
plications of our results for conservation and the limita-
tions of our approach.
Quantifying the Mutational Meltdown
While the ultimate causes of most species extinctions are
environmental (Brooks et al. 2002), various environmental
constraints can have a variety of secondary consequences
on ecological and genetic processes. This implies that, de-
pending on the situation faced by populations, the relative
weights of nongenetic components (e.g., ecological factors
associated with highly variable and/or low average growth
rate), genetic components (e.g., inbreeding depression, ac-
cumulation of deleterious mutations), and of their inter-
action (e.g., mutational meltdown in the strict sense) may
strongly vary. Here we developed a framework that allows
accounting for all three components. Although we focused
on quantifying the interaction component (i.e., the de-
mographically mediated effect of the load of fixed muta-
tions on the rate of future mutation fixations), we also
provided results on the “pure” genetic component (i.e.,
the rate of mutation fixation, independent from the load
of fixed mutations) and revealed that the extinction risk
for populations subject to recurrent deleterious mutation
fixations can be quantified both with the initial mean fix-
ation time of a deleterious mutation and with the accel-
eration of mutation fixations, which quantifies the strength
of the mutational meltdown. We also highlighted that the
quantification of the extinction risk in terms of demo-
graphic parameters rather than population size could pro-
vide a more accurate picture of the population temporal
dynamics. Indeed, populations of similar sizes can have
different initial times to fixation of deleterious mutations,
and therefore different risks of extinction, but can also
suffer different strengths of the mutational meltdown. Fig-
ure 6A provides values of the demographic parameters for
which the mutational meltdown can be neglected or is
below a fixed value. However, the mean population size
is a more intrinsic demographic characteristic of a pop-
ulation, and to link with previous works on minimum
viable size (Shaffer 1981), we observe that in populations
with the same extinction risk when neglecting the muta-
tional meltdown (i.e., the same initial mean fixation time),
the strength of the mutational meltdown is a decreasing
function of the initial mean population size (fig. 7B). This
gives a theoretical definition of a minimum viable pop-
ulation size regarding deleterious mutations accumulation.
Finally, our results demonstrate that the magnitude of the
mutational meltdown is highly dependent on the under-
lying demo-genetic model but also on demographic and
mutational parameters (e.g., level of dominance). Nu-
merical applications indicate, for instance, that genetic
models different than ours may strongly overestimate the
magnitude of the mutational meltdown (see, e.g., the
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Wright-Fisher model, fig. 8). On the other hand, neglecting
the mutational meltdown might lead to strong underes-
timation of the final/overall speed of mutation accumu-
lation and, subsequently, to overestimation of the time to
extinction (fig. 5B).
Limitations
One major limitation of our model is that a population
cannot become extinct. This creates obvious boundary ef-
fects (see, e.g., fig. 6), which preclude an accurate analysis
of very small populations (!10 individuals). Our results
remain valid if we assume very rare extinction, but even
then boundary effects are present. Nonetheless, we are
confident that our main results regarding the quantifica-
tion of the strength of the mutational meltdown are not
affected by this assumption because the effects of mutation
accumulation are detectable after the fixation of a few
deleterious mutations, that is, a long time before extinction
for most populations. In the case where extinction prob-
ability is relatively high, fixation probabilities (including
that of neutral alleles) are modified because the population
can become extinct before any allele goes to fixation. This
could be accounted for by computing the expected number
of mutations that get fixed before the population becomes
extinct, but this would require another timescale because
the population would instantaneously become extinct at
the mutational timescale presented here.
We also assumed no epistasis and free recombination
of all loci (no linkage). Population genetic theory (Hill
and Robertson 1966; Felsenstein 1974) and empirical re-
sults (Betancourt and Presgraves 2002) suggest that the
efficacy of natural selection is generally limited by linkage.
The consideration of linkage is not expected to qualita-
tively modify our results regarding the occurrence of the
mutational meltdown and the effects of demographic pa-
rameters on its magnitude, but it may generate a more
detrimental effect of mutation accumulation in all cases.
Similarly, synergistic or antagonistic epistasis is likely to
influence the strength of selection. In particular, if dele-
terious mutations interact synergistically, they may be
more efficiently removed by selection, which may result
in a reduced load (Charlesworth 1990). However, no clear
pattern of epistasis (synergistic or antagonistic) is apparent
from empirical studies (Elena and Lenski 1997).
Implications and Forthcoming Works
Our results have critical implications in the field of con-
servation biology, in which the projected viability of en-
dangered populations is generally derived from demo-
graphic models (based on specific demographic components
[Beissinger and McCullough 2002]) and/or genetic models
(based on population size [Franklin and Frankham 1998]).
While mere juxtapositions of these two kinds of estimates
might provide reasonable estimates of the extinction risk in
some cases (Robert 2011), this and other works (Lynch et
al. 1995) indicate that the demo-genetic interaction may
strongly affect both the dynamics of mutations (i.e., fixation
rate) and population viability. However, proper consider-
ation of this interaction requires the use of advanced con-
cepts and sophisticated tools, which challenges its use as a
standard/operational method in conservation. In this con-
text, we hope that our framework will be useful in outlining
a conceptual basis to differentiate situations in which the
mutational meltdown has minor effects on the risk of ex-
tinction from those in which it cannot be neglected. Our
choice of considering finite diploid populations of variable
sizes and evolving continuously in time was motivated by
the urgent need for theoretical models with strong practical
implications in the field of biodiversity conservation. Most
species of conservation concerns are diploid, iteroparous
organisms (Seddon et al. 2005), and endangered popula-
tions generally exhibit high year-to-year variance in pop-
ulation size, due to either sampling or process variation
(Lande et al. 2003). Our overlapping generations framework
allows not only to assume varying population sizes over
long timescales but also to relax the assumption of constant
population size within generations (as, e.g., in the modified
Wright-Fisher model presented above). This is of particular
interest to assess the viability of small populations of long-
lived species (typically, bird and mammal species), in which
population sizes may vary by orders of magnitude within
a single generation for both intrinsic (e.g., the mutational
meltdown itself) or environmental reasons. Further, by in-
corporating explicit descriptions of birth and death pro-
cesses, our framework can also incorporate deterministic or
stochastic variation in demographic parameters, which
would allow us to model environmental stochasticity. An
interesting perspective is to compare the weights of envi-
ronmental stochasticity and deleterious mutation accu-
mulation on the extinction risk of populations (Lande 1993;
Spielman et al. 2004).
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“The Lyre Bird (Menura superba) ... is extremely shy, and of all birds is the most difficult to capture, this being ascribed in part to its
extraordinary powers of running and in part to the nature of the ground it inhabits, traversed as that is by immense, obstructed gullies
and ravines. It seldom or never attempts to escape by flight, but ... frequently ascends trees to a considerable height, by leaping from branch
to branch.” From “The Lyre Bird” by Grace Anna Lewis (American Naturalist, 1870, 4:321–326).
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